Abstract. We give the complete classification of Mukai pairs of dimension 4 and rank 2 with Picard number one, that is, pairs (X, E) where X is a Fano 4-fold with Picard number one, and E is an ample vector bundle of rank two on X with c 1 (X) = c 1 (E). Equivalently, the present paper completes the classification of ruled Fano 5-folds with index two, which was partially done by C. Novelli and G. Occhetta in 2007.
Introduction 0.1. A Fano manifold M is, by definition, a smooth projective variety with ample anticanonical divisor −K M . One of the most important and fundamental invariants for a given Fano manifold M is its index, denoted by r M , which is defined as the greatest integer dividing −K M in the Picard group. Roughly speaking, the index measures how large the anticanonical divisor is, and philosophically the positivity of anticanonical divisor poses some restriction on the (biregular) structure of M . Indeed, Fano manifolds M with r M ≥ dim M − 2 are completely classified in celebrated articles [KO73, Fuj82a, Fuj82b, Muk89] (cf. [Mel99, Amb99] ).
On the other hand, it appears that, due to lack of knowledge on Calabi-Yau 3-folds or Fano 4-folds, the complete classification of Fano n-folds with index n − 3 is far from being complete, particularly when the Picard number is one. Nevertheless, if n ≥ 5 and the Picard number is bigger than 1, then we still have some room to attack the problem by studying its contractions, whose existence is promised by the fundamental theorems in Mori theory. It is known that, if M is a Fano nfold with index n − 3 and ρ M > 1, then n ≤ 8 [Wiś90] . Moreover, by works on Fano manifolds with large index [Wiś90, Wiś91, PSW92, Wiś93, BW96] (cf. [Occ05] ), such Fano manifolds are completely classified when n ≥ 6. Also, in a series of papers [CO06, NO07, CO08] , Chierici, Novelli and Occhetta started to classify Fano 5-folds with index two and Picard number bigger than one by the above strategy, though the classification is not completed yet.
Among their study, the ruled case [NO07] is of particular interest in the present paper. In that paper, Novelli and Occhetta classified ruled Fano 5-folds M with index two with the assumption ρ M ≥ 3 (see Remark 0.2 for their treatment in the case ρ M = 2). The purpose of this paper is to complete the classification of ruled Fano 5-folds with index two by studying the case ρ M = 2, which are not treated sufficiently in [NO07] . 0.2. There is another point of view; classification of Mukai pairs with large rank. In 1988, Mukai [Muk88] introduced study of pairs (X, E) where X is a Fano manifold, and E is an ample vector bundle on X with c 1 (X) = c 1 (E). In [Kan17] , such a pair is called a Mukai pair. Given a Mukai pair (X, E), its rank is defined as the rank of the bundle E. This invariant "rank E for a Mukai pair" is an analogue of "index for a Fano manifold." For example, a Fano manifold X with index r X gives a Mukai pair (X, O(H X ) ⊕rX ) of rank r X , where H X := −K X /r X is the fundamental divisor of X. Based on the above analogy, Mukai pairs are classified when rank E ≥ dim X − 1 around 1990s [Fuj92, Pet90, Pet91, YZ90, Wiś89, PSW92] (cf. [Occ05] ).
Therefore, it is natural to hope the classification of Mukai pairs with rank E = dim X −2 as a next step. In [Kan17] , the author classified such pairs when dim X ≥ 5. Note that, for the case rank E = dim X − 2, the smallest possible value of dim X is three, and the classification in this case is equivalent to the classification of Fano 3-folds, which is established by Fano, Iskovskih, Shokurov, Fujita, Mori and Mukai (see [IP99] and references therein). On the other hand, the classification of Mukai pairs with dimension 4 and rank 2 is equivalent to the classification of ruled Fano 5-folds with index two by taking the projectivization P(E), and, as we mentioned, such a classification is partially done by Novelli and Occhetta. Thus, when we are dealing with the classification problem of Mukai pairs with rank E = dim X − 2, the remaining part to be considered is the case dim X = 4, rank E = 2 and ρ X = 1. The purpose of this paper is to classify Mukai pairs in this missing case, and hence to complete the classification of Mukai pairs of rank E = dim X − 2 in arbitrary dimension.
Theorem 0.1 (Classification of Mukai pairs with dimension 4 and rank 2). Let (X, E) be a Mukai pair of dimension 4 and rank 2. Assume that E is indecomposable and ρ X = 1. Then (X, E) is isomorphic to either
Here we use the following symbols:
• V 4 is a quartic del Pezzo 4-fold obtained as a double cover p : V 4 → Q 4 of the hyperquadric of dimension 4 branched along a smooth divisor B ∈ O Q 4 (2) .
• S Q 4 is a spinor bundle on Q 4 .
• V 5 is a general linear section of the Grassmannian Gr(2, 5) embedded into the projective space P 9 via the Plücker embedding. • S V5 is the restriction of the universal subbundle on Gr(2, 5) to V 5 . Remark 0.2 (Novelli and Occhetta's result). The classification problem of pairs as in the assumption of Theorem 0.1 was also discussed in Section 8 of Novelli and Occhetta's paper [NO07] . Essentially, they classified such pairs with the extra assumption r X ≥ 2, which is not required in this paper. Also, since the author could not follow their argument (see Remark 4.2), we will provide a proof of Theorem 0.1 that is independent from their argument. 0.3. Here we briefly sketch the strategy of the proof and give an outline of this paper. Let (X, E) be a Mukai pair as in Theorem 0.1. Then W := P(E) is a Fano 5-fold with index two and ρ W = 2. We will denote by π : W → X the natural projection. Since ρ W = 2, it admits another contraction ϕ : W → Y . Note that, in each outcome of Theorem 0.1, (1) the corresponding manifold Y is isomorphic to a projective space P m and (2) each π-fiber gives a line in Y ≃ P m .
In our proof, a key step consists of proving these properties for our Mukai pair (X, E). Then we have a morphism X → Gr(2, m + 1), which will be proved to satisfy the desired description of the pair (X, E).
In Section 1, we gather some results on fundamental extremal contractions, such as scrolls, quadric bundles and blow-ups. Those results will be applied to ϕ in later sections.
In Section 2, we will study rational curves on a Mukai pair (X, E) as in Theorem 0.1. There we will see that X is covered by rational curves with anticanonical degree 3. Such rational curves are called minimal rational curves. For a minimal rational curve f : P 1 → X, the pull-back f * E is isomorphic to O(2) ⊕ O(1), and thus the pull-back of P(E) over P 1 is the Hirzebruch surface F 1 . Then the minimal section of this ruled surface gives a rational curve on P(E), which we call the minimal lift of the minimal rational curve f : P 1 → X. In Section 3, we will see that the bundle E is stable, and hence the Bogomolov inequality holds for E (Proposition 3.4). This inequality is crucial in our proof of Theorem 0.1, and will be used twice: first to give rough description of the elementary contraction ϕ of P(E) (Section 4), and second to prove that minimal lifts of minimal rational curves are contracted by ϕ (Propositions 6.6 and 6.7).
In Section 4, we will give a rough description of ϕ; the morphism ϕ is either a quadric bundle or a special Bȃnicȃ scroll (see Definition 1.7 and Theorem 4.7). Then, in Sections 5 and 6, we will complete the proof of Theorem 0.1 by studying each case.
In the subsequent sections, we frequently use the following setting and notations.
Setting 0.3 (Mukai pairs of dimension 4 and rank 2). (X, E) is a Mukai pair of dimension 4 and rank 2 such that E is indecomposable and ρ X = 1.
We will use the following notations:
• W := P(E) is the Grothendieck projectivization of E.
• π : W → X is the natural projection.
• ϕ : W → Y is the other elementary contraction.
• ξ = ξ E is the tautological divisor of the projectivization P(E).
• H X (resp. H Y ) is the ample generator of Pic(X) (resp. Pic(Y )).
• r X is the index of X.
• l X is the length of X.
• R π ⊂ NE(X) (resp. R ϕ ⊂ NE(X)) the ray corresponding to π (resp. ϕ).
• R ⊂ NE(X) is the half line R ≥0 [ C] spanned by the class [ C] of minimal lifts of minimal rational curves.
Convention 0.4.
(1) For a morphism f : X → Y and a coherent sheaf F on Y , we will denote by F | X the pull-back f * F if no confusion arises. (2) A rational curve C on a Fano manifold X is, by definition, a 1-dimensional closed subvariety whose normalization is a projective line P 1 . Sometimes the normalization map f : P 1 → X itself is also referred to as a rational curve.
Preliminaries: fundamental extremal contractions
Here we briefly review some facts on fundamental extremal contractions. Let M be a smooth projective variety and ϕ : M → N be its elementary contraction, that is, a contraction associated with a K M -negative extremal ray R of NE(M ). Recall that the length l(R ϕ ) of the ray R is defined as the minimum anticanonical degree of rational curves that are contracted by ϕ:
The following is a fundamental inequality, which gives a bound of dimensions of the exceptional locus and fibers from below in terms of length. 
Assume that the ray R is supported by a Cartier divisor of the form K M + rL, where L is a ϕ-ample Cartier divisor and r ∈ Z >0 is a positive integer. Then l(R) ≥ r, and thus we have
Therefore, if ϕ is of fiber type, then dim F ≥ r − 1. Hence, by taking F as a general ϕ-fiber, we have dim M − dim N + 1 ≥ r.
Definition 1.2 (Scrolls and quadric fibrations
). An elementary contraction ϕ is called an adjunction theoretic scroll, or simply a scroll, if it is of fiber type and there is a ϕ-ample line bundle L ∈ Pic(M ) such that
is a supporting divisor for the contraction ϕ. Similarly, the contraction is called a quadric fibration if it is of fiber type and there is a ϕ-ample line bundle L ∈ Pic(M ) such that
is a supporting divisor for the contraction ϕ.
Note that in the above definition ϕ is assumed to be elementary. Also, in each case, a general ϕ-fiber is isomorphic to P n or Q n respectively. The projection of a projectivized vector bundle P(F ) → N is a typical example of scrolls. Conversely, Fujita proved that an equidimensional scroll ϕ : M → N is a projection of a projectivized vector bundle [Fuj87, Lemma 2.12]. The corresponding result for quadric fibrations is proved by Andreatta, Ballico and Wiśniewski: We also need the following characterization of bolw-ups. 
holds for every ϕ-fiber F . Then N is smooth and 
where M → M is the blow-up of M along E, and N → N the blow-up of N along Z.
Rational curves and Mukai pairs
Let X be a smooth Fano manifold. Recall that a rational curve f : P 1 → X is called free if the pull-back of the tangent bundle f * T X is a nef vector bundle on P 1 . Then the length l X is defined as the minimum anticanonical degree of free rational curves on X. Note that we have l X ≥ r X ≥ 1 by definition and that these values are at most dim X + 1 by Mori's theorem [Mor79] . This value l X is of particular interest because of the following theorem, which gives a characterization of projective space and hyperquadric in terms of length.
Theorem 2.1 (Characterization of projective space and hyperquadric [CMSB02, Miy04] , cf. [Keb02, DH17] ). Let X be a Fano manifold with Picard number one. If l X ≥ dim X, then X is isomorphic to either a projective space P n or a hyperquadric Q n .
In this section, we will prove l X = 3 for a Mukai pair as in Setting 0.3 (Lemma 2.4). Thus, we have a family of rational curves on X whose anticanonical degree is 3. Further, we will construct minimal liftings of these rational curves (Definition 2.5 and Lemma 2.6).
The following lemma will be frequently used later.
Lemma 2.2 (Splitting type of E). Let (X, E) be a Mukai pair of dimension n and rank r, and f : P 1 → C ⊂ X a rational curve on X. Then the following hold:
Proof. By Grothendieck's theorem, every vector bundle on P 1 is isomorphic to a direct sum of line bundles. Thus,
Since E is ample and c 1 (E) = c 1 (X), each a i is positive and
This proves the first assertion.
As we mentioned, l X ≤ dim X + 1 by Mori's theorem [Mor79] . Also, it follows from (1) that l X ≥ r.
A family of rational curves on X is an irreducible component M of the parameter space RatCurves n (X) for the rational curves on X. For an account of the theory of rational curves, we refer the reader to [Kol96] . Given a family M of rational curves, there is the following diagram, which gives the realization of the family:
Here p : U → M is the universal family of rational curves, which is known to be a smooth P 1 -fibration, and e is the evaluation map of rational curves. Roughly speaking, each point m ∈ M corresponds to a rational curve C ⊂ X, and the map e| p −1 (m) : p −1 (m) → X gives the normalization map of C. Given a family M of rational curves, its anticanonical degree is defined as the anticanonical degree of a rational curve parametrized by M .
Recall that a family M of rational curves is called covering (resp. dominating) if the evaluation map e is surjective (resp. dominating), and it is called unsplitting if M is proper. Note that a family of rational curves is dominating if and only if a general rational curve in this family is free [KMM92, Proposition 1.1].
The next proposition is formulated in [Kan17] for n ≥ 5, while its proof works for a slightly weaker assumption n ≥ 4. For the proof, we refer the reader to [Kan17, Proof of Propositions 1.7 and 1.10].
Proposition 2.3 ([Kan17, Propositions 1.7 and 1.10]). Let (X, E) be a Mukai pair of dimension n ≥ 4 and rank n − 2 with ρ X = 1. Then the following hold:
(1) There exists an unsplit covering family M of rational curves with anticanonical degree l X . (2) X is chain connected by rational curves in the family M , that is, for each pair of points x, y ∈ X, there is a connected chain of rational curves in M which contains both x and y. (3) If l X = n − 2, then E is a direct sum of line bundles. Now we can prove l X = 3 for a pair as in Setting 0.3. Proposition 2.4. Let (X, E) be a Mukai pair as in Setting 0.3. Then l X = 3. In particular, r X = 1 or 3.
Proof. Note that 5 ≥ l X ≥ 2 by Lemma 2.2 (2) and that l X = 2 by Proposition 2.3 (3).
Assume to the contrary that l X ≥ 4. Then X ≃ P 4 or Q 4 by Theorem 2.1. It follows from the classification of Fano bundles of rank two on P n or Q n [APW94] that the bundle E is decomposable. This contradicts our assumption that E is indecomposable. Thus l X = 3. Since the index r X divides the length l X , we have r X = 1 or 3.
In what follows, we will fix a family M of rational curves on X as in Proposition 2.3 (1) for our Mukai pair (X, E) as in Setting 0.3. A rational curve in this family is called a minimal rational curve. By the above proposition, we have l X = 3. Thus, if f :
exists such that ξ E · C = 1 and the following diagram is commutative:
Definition 2.5 (Minimal lifts). The above constructed rational curve f : P 1 → C ⊂ P(E) is called the minimal lift of the minimal rational curve f :
This construction can be globalized as follows: let (X, E) be a Mukai pair as in Setting 0.3 and M a family of minimal rational curves on X. Then we have the following diagram as in (2.2.1):
Lemma 2.6 (Lifting map). There exists a unique lift e : U → P(E) of the evaluation map e that restricts to the minimal lift on each minimal rational curve.
Proof. Let ω p denote the relative canonical bundle of the universal family p : U → M . Then the bundle e * E ⊗ ω p is isomorphic to O ⊕ O(−1) on each p-fiber P 1 . Thus we have the following exact sequence of vector bundles on U
which restricts on each p-fiber to the sequence
This exact sequence gives the map e as desired.
Finally, we include here a useful lemma.
Lemma 2.7. Let (X, E) be a pair as in Setting 0.3. Then there is no curve
Proof. Assume to the contrary that there is a curve D on X such that dim ϕ(π −1 (D)) = 1.
Since ρ X = 1, each minimal rational curve f : P 1 → C ⊂ X on X is numerically proportional to D, and hence dim ϕ(π −1 (C)) = 1. This contradicts to the fact that f * E ≃ O(2) ⊕ O(1).
Stability and Bogomolov's inequality
In this section, we will check that the bundle E is stable.
Proposition 3.1 (Stability of E). Let (X, E) be a Mukai pair as in Setting 0.3. Then the bundle E is stable.
As a consequence, we have the Bogomolov inequality for E, which is a crucial ingredient in our proof of Theorem 0.1. Roughly speaking the inequality enables us to bound some invariants for the pair (X, E). Accordingly, the boundedness of invariants implies some finiteness results on possibilities of the structure of the pair.
First, we will recall the definition of stability of vector bundles, or torsion free sheaves. Let X be a smooth projective variety of dimension n with an ample divisor H X . Given a torsion free sheaf F on X, the slope µ(F ) with respect to H X is defined as
A subsheaf F 1 ⊂ F is said to be saturated if the quotient F /F 1 is torsion free.
Definition 3.2 (Stability of vector bundles). A torsion free sheaf
holds for every nonzero saturated subsheaf F 1 F .
In the following, we will restrict our attention to the case of a locally free sheave F of rank two. In this case, the stability of F is easy to prove: it suffices to check (3.2.1) for any saturated subsheaf F 1 of rank one. Since F is locally free, such a subsheaf F 1 is reflexive, and hence it is a line bundle [Har80, Propositions 1.1 and 1.9]. Thus the stability of F is equivalent to the vanishing
for any line bundle L with
Moreover, if Pic(X) is generated by O(H X ), then the above condition is equivalent to
2 . Let (X, E) be a Mukai pair as in Setting 0.3. Then, keeping with the above observation, the stability of E follows from the next lemma. Proof. Take a section s ∈ H 0 (E(−m)) for m ≥ r X /2 and assume s = 0 to the contrary. Then by restricting to a general minimal rational curve f : P 1 → X, we also have a nonzero section f * s of the bundle f * (E(−m)), which is isomorphic to
Since
of vector bundles on X, and the quotient E(−2)/O is isomorphic to O(−1). This exact sequence, however, splits, since Ext 1 (O(−1), O) = 0 by the Kodaira vanishing theorem. This contradicts our unsplit assumption on E.
As a consequence, the bundle E is stable. Set ∆ := c 1 (E) 2 − 4c 2 (E). Then the Bogomolov inequality yields the following. 
Rough description of the second contraction
Let (X, E) be a pair as in Setting 0.3, M a family of minimal rational curves and f : P 1 → C ⊂ X a minimal rational curve. Then the numerical equivalence class of the minimal lift C does not depend on the choice of C; the class [ C] is characterized by the numerical conditions ξ E · [ C] = 1 and π Since the Picard number of P(E) is two, the nef cone NE(P(E)) is spanned by two extremal rays; the ray R π corresponding to the projection π, and the other ray R ϕ that defines the other extremal contraction ϕ : P(E) → Y . Note that R ⊂ NE(P(E)):
Remark 4.2 ( R and R ϕ ).
(1) A priori, it is not clear that the half line R actually coincides with the extremal ray R ϕ , or equivalently, that the minimal lifts C are contracted by the second extremal contraction ϕ, cf. [PSW92, Lemma 3.1], [Kan17, Theorem 3.2]. In our proof of Theorem 0.1, an important step consists of the proof of this assertion R = R ϕ by using the Bogomolov inequality (see Propositions 6.6 and 6.7). (2) In Section 8 of their paper [NO07] , Novelli and Occhetta discussed the classification problem of Mukai pairs (X, E) as in Setting 0.3 with an extra assumption r X ≥ 2. Their argument proceeds as follows: take a general element Y of its fundamental linear system |H X |. By virtue of their assumption r X ≥ 2, Y is a smooth Fano variety. Then, they claimed that the restricted projective bundle P(E| Y ) is also a Fano variety. And, by using the classification results on (Y, E| Y ), they recovered the structure of original (X, E). However, at least for the author, it is not clear that P(E| Y ) is a Fano variety, as they claimed; in fact, it is equivalent to the non-trivial assertion R = R ϕ (this equivalence follows from Proposition 4.4 below).
The dual cone of NE(P(E)) is the nef cone Nef(P(E)), which is spanned by two rays
, where H Y is a divisor corresponding to the ample generator of Pic(Y ). Since ξ E is ample on P(E), we can find a positive rational number a ∈ Q >0 such that Proof. Since aξ E − π * H X is nef, we have
and the equality holds if and only if the curve C is contracted by ϕ. The assertion is simply a rephrasing of this fact.
First, by using Theorem 1.1 and [Wat14], we show that there exists at least one ϕ-fiber whose dimension is not small. Proof. By [Wat14, Theorem 1.1], the other contraction ϕ is not a smooth P 1 -bundle.
Assume to the contrary that every ϕ-fiber has dimension one or zero. Then, by Theorem 1.1, the morphism ϕ is of fiber type and every ϕ-fiber has dimension one. Moreover, by adjunction, each general ϕ-fiber F is isomorphic to P 1 and O(ξ E )| F ≃ O P 1 (1). This implies that ϕ is a smooth P 1 -bundle [Fuj87, Lemma 2.12], and we get a contradiction.
On the other hand, as a first application of the Bogomolov inequality (Proposition 3.4), we can now prove the following. Proof. Assume to the contrary that there is a ϕ-fiber F with dim F ≥ 3. Take F ′ a closed subvariety of F with dimension three. Then π(F ′ ) is a divisor in X and, since ρ X = 1, the divisor π(F ′ ) is numerically proportional to H X . Thus the Bogolmolov inequality and the projection formula yields
Then, by the Grothendieck relation (3.4.1) for E, the above inequality is equivalent to
Since F ′ is contracted to a point by the second contraction ϕ, we have aξ E ≡ num π * H X on F ′ . Thus the inequality gives
This contradicts the facts that ξ E is ample and ar X ≥ 3.
As a corollary, we have the following.
Corollary 4.6 (Length of extremal rays). Let (X, E) be a pair as in Setting 0.3. Then the following hold:
(1) l(R ϕ ) = 2.
(2) There is a rational curve C ϕ on P(E) such that C ϕ is contracted by ϕ and ξ E · C ϕ = 1. (3) a is an integer. (4) There is an ample divisor L on P(E) such that K P(E) + 2L is a supporting divisor for ϕ.
Proof. Note that l(R ϕ ) ∈ 2Z since −K P(E) = 2ξ E . The first assertion follows from the Ionescu-Wiśniewski inequality (Theorem 1.1) and the inequality dim F ≤ 2 (Proposition 4.5). The second one follows from the definition of l(R ϕ ). Let C ϕ be a curve as in (2). Then (aξ E − π * H X ) · C ϕ = 0. Therefore, a = π * H X · C ϕ ∈ Z. This proves the third assertion. By setting L := (π * H X · C ϕ + 1)ξ E − π * H X , we have the last assertion.
Theorem 4.7 (Rough description of the other contraction). Let (X, E) be a Mukai pair as in Setting 0.3. Then one of the following holds:
(1) The morphism ϕ is a quadric bundle over a smooth projective 3-fold Y .
(2) The morphism ϕ is a special Bȃnicȃ scroll over a smooth projective 4-fold Y .
Proof. Let E be an irreducible component of Exc(ϕ) and F a fiber contained in E. Then, by the Ionescu-Wiśniewski inequality (Theorem 1.1), we have
Since dim F ≤ 2 (Proposition 4.5) and l(R ϕ ) = 2, the above inequality yields
In particular, the morphism ϕ is either divisorial or of fiber type. Hence E = Exc(ϕ). First assume that ϕ is of fiber type. Then, since dim F ≤ 2, we have dim Y = 3 or 4. If dim Y = 3, then dim F = 2 for any ϕ-fiber F and hence (1) holds by Theorem 1.3. On the other hand, if dim Y = 4, then ϕ is a scroll and (2) holds by Theorem 1.6.
Next assume that ϕ is divisorial. Then dim F = 2 for any non-trivial fiber F . Then, by Theorem 1.4, the morphism ϕ is obtained by blowing up a smooth projective 5-fold Y along a smooth surface S ⊂ Y .
Thus W is a smooth Fano 5-fold with index two that has a birational contraction ϕ as above and admits a contraction π of fiber type.
Thus this Fano 5-fold W fits Case (b) of [CO08] . One can deduce from their classification that there is no Fano 5-fold W as above. Thus ϕ is not birational.
Remark 4.8. In the above proof, we used the classification result of Case (b) in [CO08] , which is carried out in Section 4 of their paper. Note that their argument in [CO08, Section 4], more precisely, the proof of [CO08, Lemma 4.4] relies on [NO07, Theorem 1.3], which, as we mentioned, seems to contain a gap in the proof. Nevertheless, their usage of [NO07, Theorem 1.3] is mild; they only use the fact that the minimum anticanonical degree of rational curves on X is two or three, which we already have proved. Thus we can avoid a circular argument.
Case: ϕ is a quadric bundle
As before, (X, E) is a pair as in Setting 0.3. Then, by Theorem 4.7, ϕ is either a quadric bundle or a special Bȃnicȃ scroll. In this section, we will deal with the case of quadric bundle, and prove the following theorem. The rest of this section is occupied with the proof of Theorem 5.1. First, we will determine the isomorphic class of the image Y of the second contraction ϕ.
Lemma 5.2. Let (X, E) be a pair as in Theorem 5.1. Then Y is isomorphic to P 3 .
Proof. Let F be a general ϕ-fiber. Then by taking a base change of the projection π by the morphism π| F , we have the following diagram:
The morphism θ F is surjective. Otherwise dim θ F (P(E| F )) < P(E| F ). Then, by the bend and break lemma [Kol96, Chapter II, Theorem 5.4], there is a curve D ⊂ F such that dim θ F (π −1 F (D)) = 1. This contradicts Lemma 2.7. By adjunction, F is isomorphic to P 1 × P 1 and
where pr i : P 1 × P 1 → P 1 is the projection to the i-th factor. By restricting the relative Euler sequence of the projectivization P(E) → X, we have the following exact sequence:
. Thus the class of the above exact sequence belongs to
Since F is a ϕ-fiber, the map π| F : F → X is finite, and hence the divisor π * H X | F is ample. Thus, by the Kodaira vanishing theorem, the cohomology group
is trivial, and the above exact sequence splits. Therefore, P(E| F ) is a toric variety. Now the assertion follows from [OW02] .
Second, we will determine the values a, r X and H 4 X . Recall that a is the integer for which the divisor aξ E − π * H X is a supporting divisor of the contraction ϕ.
Lemma 5.3. Let (X, E) be a pair as in Theorem 5.1. Then a = 1, r X = 3 and H 4 X = 4. Proof. We will denote by H Y the divisor class of a hyperplane in Y ≃ P 3 . Since the divisor aξ E − π * H X is not a multiple of another divisor, we have
By a direct calculation with the Grothendieck relation
the above equations yield
Solving this system of linear equations for (x, y, z), we have
Note that, by Lemmas 2.4 and 4.3, we have r X = 1 or 3, and r X a ≥ 3. Assume r X = 1. Then, by (5.3.1), we have
Thus a = 3 or 4. In each case, however, we have y = 5/4 or 10/3 respectively, which is impossible since y = c 2 (E) · H 2 X ∈ Z. Thus we have r X = 3. Then, since x = 4a (3a−2) 2 ∈ Z, we have a = 1. This completes the proof.
Proof of Theorem 5.1. Since ξ E − π * H X = ϕ * H Y , each π-fiber maps to a line in Y ≃ P 3 , and, by the universality of Grassmannian variety, we have the following commutative diagram:
with the condition p * S *
. Since ρ X = 1, the morphism p is finite and surjective. Moreover, the covering p is of degree two since H 4 X = 4. Then, by adjunction, we see that the double covering p is branched along a smooth divisor B ∈ O Q 4 (2) . This completes the proof.
6. Case: ϕ is a special Bȃnicȃ scroll Let (X, E) be a pair as in Setting 0.3. In this final section, we will deal with the case where the second contraction ϕ is a special Bȃnicȃ scroll, and thus complete the proof of Theorem 0.1. Theorem 6.1 (Special Bȃnicȃ scroll). Let (X, E) be a pair as in Setting 0.3. Assume that ϕ is a special Bȃnicȃ scroll. Then the pair (X, E) is isomorphic to
where V 5 is a general linear section of the Grassmannian Gr(2, 5) embedded into P 9 via the Plücker embedding, and S V5 is the restriction of the universal subbundle on Gr(2, 5) to V 5 .
First, we will set up the notations. Notation 6.2 (F , E, B, d i , W , Y , E, B) . From now on, we will assume that (X, E) is a pair as in Theorem 6.1. Recall that W denotes the projectivization P(E).
Set F := ϕ * O(ξ E ). Then, by Theorem 1.6, the sheaf F is a Bȃnicȃ sheaf and the morphism ϕ is the projection of the projectivization P(F ) → Y . Then general ϕ-fibers are isomorphic to P 1 , and the other fibers P 2 ; let
be the locus parametrizing jumping fibers and E := ϕ −1 (B) the preimage of B. Then, by Proposition 1.8, Y is smooth, B is a disjoint union of smooth irreducible curves B i for i = 1, . . . , m, and the morphism E → B is a P 2 -bundle. Set
Let W → W (resp. Y → Y ) be the blowing-up of W (resp. Y ) along E (resp. B), and E i (resp. B i ) the exceptional divisor over E i (resp. B i ). Then, by Proposition 1.8 again, we have the following commutative diagram:
with the following conditions:
As Y is smooth uniruled projective manifold with Picard number one, it is a Fano manifold with Picard number one. 
Also, by equations (6.4.1) and (6.4.3), we have
Hence,
By letting k = 3, 4 or 5, we obtain: In the following, C −/− (resp. N −/− ) denotes the conormal (resp. normal) bundle.
Lemma 6.5. Let (X, E) be a pair as in Theorem 6.1. Then E i is isomorphic to P(N Bi/Y (1)) over B i ≃ P 1 , and, via this identification, we have
Proof. In the following square
each f -fiber gives a line in a g-fiber, and E i parametrizes all the lines in g-fibers.
Since B i ≃ P(C Bi/Y ), the parameter space of lines in g-fibers is isomorphic to the dual projectivization P(N Bi/Y ). Thus we have the first assertion. Note that ϕ
Thus, by adjunction,
Then, we have
On the other hand, we have
where H Bi is the ample generator of Pic(B i ) (note that B i ≃ P 1 ). Thus
As a second application of Bogomolov's inequality (Proposition 3.4), we now prove the following lemma, which enables us to control invariants a and r X . Proposition 6.6. Let (X, E) be a pair as in Theorem 6.1. Then
In particular, one of the following holds:
(1) ar X = 3 and r Y ≥ 2, (2) a ≤ 3, r X = 3 and r Y = 1, (3) a ≤ 4, r X = 1 and r Y = 1.
Proof. Since π * (E i ) is an effective divisor (possibly zero), we have
by the Bogomolov inequality (Proposition 3.4) and the projection formula. This inequality yields
Thus, by a straightforward calculation, we have
Since ar X ≥ 3, a > 0 and d i > 0, the above inequality yields the following quadratic inequality for a:
This gives the inequality as claimed. Note that we have only finite possibilities for r X and r Y , and that ar X ≥ 3. The rest of the assertion follows from case-by-case analysis.
Proposition 6.7 (ar X = 3). Let (X, E) be a pair as in Theorem 6.1. Then ar X = 3, or equivalently R = R ϕ .
Proof. Assume to the contrary ar X > 3, or equivalently, R = R ϕ . Then, by Proposition 6.6, one of the following holds:
(1) a = 3, r X = 3 and r Y = 1, (2) a = 2, r X = 3 and r Y = 1, (3) a = 4, r X = 1 and r Y = 1.
In any case, we have ϕ
Thus the ϕ-image of C gives a rational curve on Y whose anticanonical degree is at most two. Since l Y = 3, the family of these rational curves is not dominant. Hence ϕ( e(U )) = Y . This also implies e(U ) = W .
Since π( e(U )) = X, we have dim e(U ) This sequence, however, splits, and we get a contradiction.
Therefore, by Proposition 6.7, the minimal lifts C are contracted by the second contraction ϕ. Conversely, each line in a ϕ-fiber gives a minimal rational curve on X. Using this fact, we can now prove that the image Y is P 4 .
Proposition 6.9. Let (X, E) be a pair as in Theorem 6.1. Then Y ≃ P 4 .
Proof. By taking the base change of π by the morphism π| Ei : E i → X, we have the following diagram:
whereĒ i is a section of π Ei corresponding to the original inclusion E i ⊂ W .
First, we will prove that θ Ei is surjective. It is enough to see that π| Ei is generically finite. Otherwise, dim π(E i ) = 2 and thus π −1 (π(E i )) = E i . Fix a line ℓ in a ϕ-fiber contained in E i . Then ϕ(π −1 (π(ℓ))) = B i since π −1 (π(E i )) = E i . This is impossible since (π| ℓ ) * E ≃ O(2) ⊕ O(1). Thus θ Ei is surjective. Second, we will prove that, for each jumping fiber F ≃ P 2 of ϕ, we have E| F ≃ O(2)⊕O(1). Take a jumping fiber F ≃ P 2 . Then, by restricting the Euler sequence for π, we have the following exact sequence:
The assertion is now clear. Finally, we will check that Y ≃ P 4 . Set q := π Ei • ϕ| Ei : P(E| Ei ) → B i . Now each q-fiber is isomorphic to P P 2 (O(2) ⊕ O(1)), and the minimal section of this projectivization P P 2 (O(2) ⊕ O(1)) is contracted to a point by θ Ei . Thus the map θ Ei factors through a P 3 -bundle P(G i ) over B i :
z z t t t t t t t t t / / Y B i .
Since every vector bundle on B i splits into a direct sum of line bundles, every projective bundle over B i is a toric variety. Thus, by [OW02] , Y is isomorphic to P 4 . , and hence we have m = 1, c = 1 and d = 1.
Since m = 1, the map j is birational, and hence it is the normalization map of V . Also, since c = 1 and d = 1, the subvariety V is rationally equivalent to the codimension two linear section V 5 ⊂ Gr(2, 5) via the Plücker embedding Gr(2, 5) ⊂ P 9 . Moreover, since H 4 X = 5, we already know that X is a quintic del Pezzo 4-fold. Now it is easy to check that V itself is a smooth quintic del Pezzo 4-fold V 5 ⊂ Gr(2, 5) and the map j is an isomorphism. This completes the proof.
